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A B S T R A C T
Single walled carbon nanotube, alumina and copper nanoparticles on convective mass transfer in the
presence of base ﬂuid (water) over a horizontal plate are investigated numerically. The governing partial
differential equations with auxiliary conditions are reduced into the system of coupled ordinary differ-
ential equations via similarity transformation and it has been solved numerically using fourth or ﬁfth
order Runge–Kutta–Fehlbergmethodwith shooting technique. The results display that the diffusion bound-
ary layer thickness of the water based Cu and SWCNTs is stronger than Al2O3–water with increase of
chemical reaction.
© 2016, Karabuk University. Publishing services by Elsevier B.V.
1. Introduction
Due to the low diffusion conductivity of mass transfer ﬂuids
used in power generation, microelectronics cooling, chemical
production, refrigeration and air-conditioning, transportation, and
many other applications, it is necessary to enhance effective
diffusion conductivity of these ﬂuids to improve mass transfer
rate. One of the techniques, to enhance effective diffusion conduc-
tivity of these mass transfer ﬂuids, is to add nanoparticles or
nanotubes in the base ﬂuids. Particularly with respect to mass
transfer, and compared with more conventional mass transfer
ﬂuids (i.e. coolants) currently available, nanoﬂuidic coolants exhibit
enhanced diffusion conductivity.
Carbon nanotubes (CNTs) are allotropes of carbon with a cylin-
drical nanostructure. Nanotubes have been designed signiﬁcantly
larger than for any othermaterial and these cylindrical carbonmol-
ecules have extraordinary properties, which are important for
Nanoscience and Nanotechnology. In particular, owing to their ex-
traordinary diffusion conductivity and mechanical and electrical
properties, carbonnanotubesﬁndapplications as additives to enhance
mass transfer in various industrial applications.
Carbon nanotubes are classiﬁed as single-walled
nanotubes (SWNCTs) and multi-walled nanotubes (MWNCTs) and
the carbon nanotubes naturally align themselves into “ropes”
retained together by van der Waals forces, more speciﬁcally,
pi-stacking. Nanoﬂuids act enhanced diffusion properties by dif-
fusing nanoparticles into base ﬂuids [1–3]. Nanoﬂuids with stronger
diffusion conductivity and mass transfer coeﬃcients associated to
the base ﬂuid can be signiﬁcantly useful in many applications
[4–7].
Single walled carbon nanotubes (SWCNTs) with high diffusion
conductivity have attracted signiﬁcantly important attention from
researchers [8–10]. In particular, research on different divisional fea-
tures of SWCNTs–nanoﬂuids are certainly necessary to advance their
potential applications in science and technology. Recently, it is in-
vestigated that the nanoparticles upgraded the mass transfer inside
binary nanoﬂuids (Xuan [11], Bhattacharyya [12], Sridhara and
Satapathy [13], Uddin et al. [14], Pang et al. [15], Kumar et al. [16],
Rout et al. [17], Ibrahim and Reddy [18] and Gangadhar et al. [19]).
Recently several authors investigated about nanoﬂuid ﬂow andmass
transfer [20–47].
We consider the two-dimensional boundary slip ﬂow over a
ﬂat plate with water as base ﬂuid encompassing single walled
carbon nanotubes. Carbon nanotubes are shown to have special
diffusion properties with very high diffusion conductivity. The
objective of the present study is to ﬁnd the approximate numeri-
cal solutions for the problem and to compare the diffusion behavior
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of SWCNTs–water with Cu and Al2O3–water in the presence of
chemical reaction.
2. Mathematical analysis
Consider the steady two-dimensional laminar boundary layer slip
ﬂow of water based SWCNTs, Al2O3 and Cu with coordinate system
that is given in Fig. 1 and the thermophysical properties of the ﬂuid
and nanoparticles are presented in Table 1. Under the boundary layer
approximation, the basic steady conservation of mass, momen-
tum and diffusion equations can be written (Singh and Kumar [44],
Magyari [46] and Mamut [47]) as
Cw u 
vy,
ux,
g
∞∞
Cu ,
0
SWCNT DWCNT     MWCNT
Fig. 1. Physical model of the ﬂow and coordinate system. (a) Singh and Kumar [44].
(b) Present result.
Table 1
Thermophysical properties of nanoﬂuids, Singh and Kumar [44] and Talley et al. [45].
ρ kg m3( ) c J kgKp ( ) k W mK( ) βc K× ( )− −10 5 1
Pure water 997.1 4179 0.613 63
Copper (Cu) 8933 385 401 4.89
Alumina (Al2O3) 3970 765 40 2.55
SWCNTs 2600 425 6600 0.99
(a)- Padam Singh and Manoj Kumar [44] (b)-present result
Fig. 2. Comparison of concentration proﬁles for Sc with Fig. 8 of Singh and Kumar
[44].
Fig. 3. Density of the nanoﬂuids on concentration proﬁles with λ γ γ γ= = = = =0 5 0 1 6 2 0 1 0 52 1. , . , . , . , .Sc .
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is the velocity slipping factor with an initial value
v0 and λ is the power index. ρnf is the effective density of the
nanoﬂuid, μnf is the effective dynamic viscosity of the nanoﬂuid,
Dnf is the mass diffusivity of the nanoﬂuid and βnf is the volumet-
ric expansion coeﬃcient, which are deﬁned by Magyari [46] and
Mamut [47] as
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kf and ks are the thermal conductivity of the base ﬂuid and
nanoparticle, ζ is the nanoparticle volume fraction, μ f is the dynamic
viscosity of the base ﬂuid, β f and βs are the volumetric expan-
sion coeﬃcients of the base ﬂuid and nanoparticle, ρ f and ρs are
the density of the base ﬂuid and nanoparticle, knf is the effective
thermal conductivity of the nanoﬂuid. The similarity transforma-
tion and stream function are deﬁned as
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The system of Eqs. (2)–(4) become
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Fig. 4. Volumetric expansion of the nanoﬂuids on concentration proﬁles with λ γ γ γ= = = = =0 5 0 1 6 2 0 1 0 52 1. , . , . , . , .Sc .
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Table 2
′′ ( )f 0 and − ′ ( )θ 0 for different values of ρs with
λ γ γ γ= = = = =0 5 0 1 6 2 0 1 0 52 1. , . , . , . , .Sc .
Nanoﬂuid ρs kg m−( )3 ′′ ( )f 0 − ′ ( )χ 0
Cu–water 100 0.40556786 1.66762743
5000 0.39729350 1.49649125
9000 0.39205250 1.39171507
Al2O3–water 100 0.41099025 2.10543257
5000 0.39026200 1.57012058
9000 0.38101065 1.35210936
SWCNTs–water 100 0.40318732 1.53028233
5000 0.40138208 1.49572195
9000 0.39999141 1.46928143
Table 3
′′ ( )f 0 and − ′ ( )θ 0 for different values of βs with
λ γ γ γ= = = = =0 5 0 1 6 2 0 1 0 52 1. , . , . , . , .Sc .
Nanoﬂuid βs K10 5 1− − ′′ ( )f 0 − ′ ( )χ 0
Cu–water 1.0 0.391988185 1.39326051
5.0 0.392131817 1.39328133
10 0.392311344 1.39330737
Al2O3–water 1.0 0.393190042 1.64736502
5.0 0.393673401 1.64743613
10 0.394277475 1.64752500
SWCNTs–water 1.0 0.402251627 1.51233513
5.0 0.402285124 1.51233986
10 0.402326996 1.51234577
Fig. 5. Chemical reaction on concentration proﬁles with λ γ γ= = = =0 5 0 1 6 2 0 12. , . , . , .Sc .
Table 4
′′ ( )f 0 and − ′ ( )θ 0 for different values of γ1 with λ γ γ= = = =0 5 0 1 6 2 0 12. , . , . , .Sc .
Nanoﬂuid γ1 ′′ ( )f 0 − ′ ( )χ 0
Cu–water 0.1 0.41054960 0.72599331
3.0 0.37832265 2.30159323
10.0 0.36615522 4.15126063
Al2O3–water 0.1 0.41416858 0.82851250
3.0 0.37888581 2.74065092
10.0 0.36666962 4.95357715
SWCNTs–water 0.1 0.42574385 0.77551634
3.0 0.38516728 2.50750348
10.0 0.37042421 4.52831231
Table 5
′′ ( )f 0 and − ′ ( )θ 0 for different values of γ with λ γ γ= = = =0 5 6 2 0 1 0 52 1. , . , . , .Sc .
Nanoﬂuid γ ′′ ( )f 0 − ′ ( )χ 0
Cu–water 0.01 0.33580455 1.38400682
10 3.34902280 1.71832502
100 17.6203525 2.57510459
Al2O3–water 0.01 0.33613146 1.63782625
10 3.45010806 1.99415775
100 18.5863879 2.94381782
SWCNTs–water 0.01 0.33707129 1.50197468
10 3.93205639 1.88208023
100 21.0538645 2.83579739
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Table 6
′′ ( )f 0 and − ′ ( )θ 0 for different values of γ 2 with λ γ γ= = = =0 5 6 2 0 1 0 51. , . , . , .Sc .
Nanoﬂuid γ 2 ′′ ( )f 0 − ′ ( )χ 0
Cu–water 0.1 0.39212786 1.39328076
1.0 0.31282789 1.52795081
3.0 0.18904557 1.64059657
Al2O3–water 0.1 0.42304686 1.53129203
1.0 0.33241653 1.78719462
3.0 0.21833993 1.92701399
SWCNTs–water 0.1 0.40225154 1.51233512
1.0 0.33662154 1.64320141
3.0 0.23558511 1.79291693
Fig. 6. Buoyancy ratio on velocity and concentration proﬁles with λ γ γ= = = =0 5 6 2 0 1 0 52 1. , . , . , .Sc .
Table 7
′′ ( )f 0 and − ′ ( )θ 0 for different values of ζ with γ λ γ γ1 20 5 0 5 6 2 0 1 0 1= = = = =. , . , . , . , .Sc .
Nanoﬂuid ζ ′′ ( )f 0 − ′ ( )χ 0
Cu–water 0.05 0.39212786 1.39328076
0.1 0.38564620 1.35442510
0.2 0.37843858 1.38488721
Al2O3–water 0.05 0.39873152 1.52782462
0.1 0.39572694 1.57741139
0.2 0.39151724 1.73935723
SWCNTs–water 0.05 0.40085700 1.57295700
0.1 0.39935796 1.66314059
0.2 0.60331953 1.81114233
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with the boundary conditions
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3. Results and discussion
Eqs. (7) and (8) subjected to the boundary condition (9) are con-
verted into the following system of ﬁrst order differential equations,
as follows:
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The boundary conditions are
f u A v v p0 0 0 0 0 1 0 02 4( ) = ( ) = ( ) ( ) ( ) = ( ) = ( ) =, , ; ,γ χ α β (13)
α and β are priori unknowns to be determined as a part of the
solution of Eqs. (11) and (12) with conditions (13), using DSolve sub-
routine in MAPLE 18. The values of α and β are determined upon
solving the boundary conditions v and p0 0( ) = ( ) =α β, with trial and
error basis, and for the beneﬁt of the readers, the Maple 18 work-
sheet is listed in the Appendix. The numerical results are represented
in the form of the velocity and concentration in the presence of water
based SWCNT, Cu and Al2O3. Buoyancy ratio, γ 1 0. is a free con-
vection, γ =1 0. is a mixed convection and γ 1 0. is a forced
convection. In this work, γ = 2 0. unless otherwise speciﬁed.
It is observed from the Fig. 2 that the agreement with the the-
oretical solution of the concentration proﬁle for different values of
Fig. 7. Nanoparticle volume fraction on velocity and concentration proﬁles with γ λ γ γ1 20 5 0 5 6 2 0 1 0 1= = = = =. , . , . , . , .Sc .
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Schmidt number is signiﬁcantly correlated with Fig. 8 of Singh and
Kumar [44].
The concentration of the water based SWCNTs, Cu and Al2O3 in-
creaseswith increases of the density of the nanoparticles (Fig. 3) and
the rate ofmass transfer of SWCNTs andCu–water decreases (Table 2)
with increase of density. It is interesting to note that the concentra-
tion of Al2O3–water is stronger than SWCNTs–water and Cu–water
with increase of density of the nanoparticles. The concentration and
the rate of mass transfer of the nanoﬂuids are uniformwith increase
of volumetric expansion of the nanoparticles (see Fig. 4 and Table 3).
The concentration of the nanoﬂuids (water based SWCNTs, Cu and
Al2O3) decreases (Figs. 5 and 6) but the rate of mass transfer in-
creases (Tables 4 and 5) with increase of chemical reaction and
buoyancy ratio because of the combined effect of diffusion conduc-
tivity and kinematic viscosity of the nanoﬂuids. It is also observed
that the diffusion boundary layer thickness of water based Cu and
SWCNTs are stronger thanAl2O3–waterwith increase of chemical re-
actionsince the rateof chemical reactionand thediffusionconductivity
play a dominant role on the Cu and SWCNTs–water. The concentra-
tion of the SWCNTs–water and Al2O3–water decreases and the
Fig. 8. Slip parameter on velocity and concentration proﬁles with λ γ γ= = = =0 5 6 2 0 1 0 51. , . , . , .Sc .
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concentration of the Cu–water is uniform with the increase of the
nanoparticle volume fraction (Fig. 7) whereas the diffusion bound-
ary layer thickness of SWCNTs–water is stronger than thewater based
Cu and Al2O3 with the increase of the nanoparticle volume fraction.
The velocity/concentration of the nanoﬂuids (water based SWCNTs,
Cu and Al2O3) increases/decreases with the increase of the velocity
slip parameter. It is interesting to note that the strength of the dif-
fusion boundary layer thickness of Al2O3–water is stronger than
SWCNTs and Cu–water (Fig. 8 and Table 6) with the increase of the
velocity slip parameter. It is revealed that the diffusion conductivity
of thewater based Al2O3 plays a signiﬁcant role on the enhancement
of the mass transfer rate of nanoﬂuids as compared with Cu and
SWCNTs–water (Table4)with the increaseof chemical reaction. Finally,
it is noticed that the SWCNTs–water leads to an average convective
mass transfer enhancement higher thanCu andAl2O3–waterwith the
increase of nanoparticle volume fraction (Table 7). From the Fig. 9, it
is observed that the skin friction and Sherwood number of SWCNTs–
water andAl2O3–water is stronger than the other twonanoﬂuidswith
increase of chemical reaction respectively. This is due to the com-
bined effect of nanoparticle volume friction and diffusion expansion
of SWCNTs–water and Al2O3–water.
4. Conclusion
Mass transfer of the water based SWCNTs, Alumina and Cu
over a ﬂat plate in the presence of chemical reaction under
slip condition are investigated. The system of coupled nonlinear
ODEs are solved numerically using the fourth or ﬁfth order Runge–
Kutta–Fehlberg method with the shooting technique. The strength
of diffusion boundary layer thickness of SWCNTs and Cu–water is
stronger than Al2O3–water with increase of chemical reaction. The
diffusion boundary layer thickness of SWCNTs–water is stronger
than Al2O3 and Cu–water with increase of nanoparticle
volume fraction since the single walled carbon nanotubes
(SWCNTs) have extraordinary mechanical, electrical, thermal, optical
and chemical properties. The rate of chemical reaction in the
presence of Cu–water and SWCNTs–water plays a dominant role
on the ﬂow ﬁeld due to the combined effects of diffusion conduc-
tivity and density of the water based Cu and SWCNTs. Furthermore,
the strength of diffusion boundary layer thickness of Al2O3–water
is stronger than SWCNTs and Cu–water with increase of the
velocity slip parameter. This is due to the combined effect of
the kinematic viscosity and diffusion conductivity of the
Al2O3–water.
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shoot: Step #  1
shoot: Parameter values :  alpha = .5506292968238597 beta = -
1.429814918306366
shoot: Step #  2
shoot: Parameter values :  alpha = HFloat(0.3798765965104423) beta = HFloat(-
1.3912279717773504)
shoot: Step #  3
shoot: Parameter values :  alpha = HFloat(0.39204049908535626) beta = 
HFloat(-1.3932745433241793)
shoot: Step #  4
shoot: Parameter values :  alpha = HFloat(0.3921278636357468) beta = HFloat(-
1.3932807675463894)
shoot: Step #  5
shoot: Parameter values :  alpha = HFloat(0.3921278678472346) beta = HFloat(-
1.3932807671424499)
Nomenclature
C Concentration of the ﬂuid, K
Cw Concentration of the wall, K
C
∞ Concentration of the ﬂuid far away from the wall, K
Df Speciﬁc diffusivity of the base ﬂuid, m s2 1−
Dnf Speciﬁc diffusivity of the nanoﬂuid, m s2 1−
g Acceleration due to gravity, ms−2
Gc Grashof number,
g C C xc w
f
β
ν
−( )∞ 3
2 ,
ms K Km
m s
− −
−( )
2 1 3
2 1 2
(−)
k1 First order rate of chemical reaction, s−1
Re Reynolds number,
u x
f
∞
ν
,
m s m
m s
−
−
1
2 1 (−)
Sc Schmidt number,
ν f
fD
,
m s
m s
2 1
2 1
−
−
(−)
x y, Streamwise coordinate and cross-stream coordinate, m
u v, Velocity components in x and y directions, m s−1
u
∞ Flow velocity of the ﬂuid away from the plate, m s−1
Greek symbols
βc Volumetric expansion coeﬃcients of the base ﬂuid, K −1
ρ f Density of the base ﬂuid, kg m−3
ρs Density of the nanoparticle, kg m−3
ρnf Effective density of the nanoﬂuid, kg m−3
βc nf( ) Volumetric coeﬃcient of thermal expansion of nanoﬂuid,
K −1
μ f Dynamic viscosity of the base ﬂuid, kg m s− −1 1
μnf Effective dynamic viscosity of the nanoﬂuid, kg m s− −1 1
γ Buoyancy ratio, Gc
Re2
(−)
γ1 Chemical reaction parameter, k x
u
s m
m s
1
1
1
∞
−
−
⎛
⎝⎜
⎞
⎠⎟ (−)
γ 2 Velocity slip parameter,
v u
f
0 ∞
ν
,
m m s
m s
( )−
−
1
2 1 (−)
νnf Dynamic viscosity of the nanoﬂuid, m s2 1−
Ω Resistance, kg m s A2 3 2− −
ζ Nanoparticle volume fraction, (−)
ψ Dimensionless stream function, (−)
η Similarity variable, (−)
f Dimensionless stream function, (−)
χ Dimensionless stream function, (−)
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